
agrees with known results for a spherically blunted region [4, 5]. The opposite effect occurs on the conical 
part of the body for s/r > 1.8. Here, allowing for physicochemical processes results in an increase in the 
coefficient of friction. The nonmonotonic variation of Cf on the conical part of the body comes about because 
for equilibrium air the singularity arising at the point where the sphere contacts the cone has a much stronger 
effect than in the case T =i .4, Pr = 0.72, tt ~ ~/T-. The clmnge in the departure of the shock wave and in the 

pressure on the surface of the body also become appreciably nonmonotonic [3]. We note that for hypersonic 
flow around bodies with a surface of continuous curvature the coefficient of friction on the corresponding part 
decreases monotonically [6, 7]. 

In Fig~ 2 we show profiles of the velocity component u tangential to the surface of the body. It can be 
seen that on different parts of the surface ofthebody, allowing for physieochemieal processes can cause either 
an increase or a decrease in the velocity gradient in the region near the wall. These results demonstrate the 
need to allow for physieochemical processes when determining friction stresses on the surfaces of blunt bodies 
in hypersonic flows. 

N O T A T I O N  

s ,  d is tance m e a s u r e d  f rom front  c r i t i ca l  point along su r face  of body; n, dis tance along no rma l  d i rec ted  
away f r o m  sur face  of body; Cf ,  coeff icient  of f r ic t ion;  u, component  of veloci ty tangential  to sur face  of body; 
V~,  p ~ ,  veloci ty  and densi ty  of unper turbed  flow; r ,  radius of spher ica l ly  blunted portSon; Tw, su r face  tern-  
pe r a tu r e  of body; 7, ra t io  of specif ic  heats ;  P r ,  Prandt l  number;  p,  v i scos i ty .  
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H E A T  L I B E R A T I O N  F R O M  A S P H E R E  

IN A V I S C O U S  L I Q U I D  

Yu. I .  B a b e n k o  

MOVING 

UDC 536.24.01:517.4 

The method of [i] is used to solve the problem of heat liberation from a sphere moving in a 
viscous liquid, where the velocity field is given by the Stokes solution [2]. 

t .  Method of Solution. A method p roposed  prev ious ly  [1] makes  it  poss ib le  to de te rmine  the nonstat ion-  
a ry  t e m p e r a t u r e  g rad ien t  on the boundary of a semiinf in i te  one-d imens iona l  region without previous  d e t e r m i n a -  
t ion of the t e m p e r a t u r e  field.  In the p r e s en t  sect ion we will desc r ibe  the appl icat ion of this method to nonsta-  
t ionary  p rob l ems  for  a two-d imens iona l  region.  

We will cons ide r  the s imp le s t  case  --  the p roce s s  of heating a sercdinfinite lamina f r o m  i ts  face:  

State Inst i tute of Applied C h e m i s t r y ,  Leningrad.  T rans l a t ed  f rom Inzhenerno-Fiz ichesk i i  Zhurnal ,  Vol. 
31, No. 6, pp. 1129-1133, D e c e m b e r ,  1976. Original  a r t i c l e  submit ted  D e c e m b e r  8, 1975. 
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0 O~ 0~ ) T = 0 ,  
Ot Ox 2 Oy ~ 

0 ~ < x < c o ,  - - o o < y < e o ,  0 < t < o o ,  

Ttx=o = To (y, t); TIx== = 0; Tit=0 = 0. 

I t  is  r equ i r ed  that  the t e m p e r a t u r e  grad ien t  in the x d i rec t ion  be found at  the end of the lamina ,  i . e . ,  
(dT/dX)x=O. 

We wri te  Eq. (1) in the f o r m  

O c~ O a 0 z --~O'~T=O" 

Here  the squa re  root  ope ra t o r  is defined such that  

(D 

(2)  

(3) 

o, o, (o  
Ot Oy' " Ot Oy' f (x ,  y, t) = Ot 09 ~ f (x ,  y, t) (4) 

fo r  an a r b i t r a r y  function f .  

I t  can be d i rec t ly  ve r i f i ed  that the p rope r ty  of Eq.  (4) is fulfil led if the ope ra to r  is  defined by a f o rma l  
expansion of the root  in a b inomial  s e r i e s :  

1 

dt Oy2 - -  ( - l ) ~  - t O y 2 ~ '  (5) 
= 0t ~ - - , "  

where  

t 

c)vf (t) _ 1 d f f  ( t - -  z)-vf (z) dz, v < 1, 
ot  ~ r (1 - -  v) at  

0 

I t  develops  that the solution of the equation 

Ot Oy z + T = O, 

f o r m e d  by the r igh t -hand  fac tor  in Eq.  (3) can sa t i s fy  all  conditions of Eq. (2), in a manne r  analogous to [1]. 
The r igh t -hand  fac to r  gives  solutions finite as x ~ ~o while the lef t -hand t e r m  gives  solutions finite as x --- 
w ~ .  T h e r e f o r e ,  wri t ing Eq. (6) at  x = 0, we obtain the de s i r ed  solution in the f o r m  

(6) 

OT x=o V/"  --~ 5' Ox = Ot Oy 2 To (y, t), (7) 

where  the squa re  root  o p e r a t o r  is  defined by Eq. (5). 

The solution of Eq. (7) coincides  with the solution obtained by o ther  methods ,  fo r  example ,  with the aid 

of in tegra l  t r a n s f o r m s .  

In s i m i l a r  m a n n e r ,  for  a the rma l -conduc t iv i ty  p rob l em with var iab le  coeff ic ients ,  given the conditions 
of Eq.  (2), division of the ope ra t o r  into two f ac to r s  may  be p e r f o r m e d  in the f o r m  

-OT - -  ~ (x, y ,  0 Ox ~- - -  ~ (x, y ,  0 Oy" . . . . .  T 

I - - n  

_= . bm~(x, y, t ) -  ~_,, Oy m -~x 
= m = o  Ot 

l--n 
n 

X a ~ ( x .  y, t) 0 2 O.~ 
L - - n  Oym 

.~=o Ot 2 

+ ~zl/2 (x, y, t) ~-x T = 0, (8~ 
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where  the funct ions  a m n ,  bmn can be found f r o m  a s y s t e m  of  r e c u r r e n t  r e la t ionsh ips  in ana logy to [1]. W r i t -  
ing the equat ion f o r m e d  by the r i gh t -hand  f ac to r  of Eq.  (8) at x = 0, we obtain a solut ion of the p rob l e m in the 
f o r m  of  a s e r i e s  in f r a c t i o n a l - o r d e r  de r iva t i ve s  of the g iven funct ion T O (y, t) .  

By applying to the s y s t e m  of equat ions  (8)-(12) a F o u r i e r  t r a n s f o r m  in y and a Lap lace  t r a n s f o r m  in t ,  
and p e r f o r m i n g  a v e r a g i n g  in  the i n t e g r a l s ,  i t  can  be shown that  the val idi ty  of the method is d e t e r m i n e d  by 
the absolu te  c o n v e r g e n c e ,  un i fo rm  with r e s p e c t  to x ,  of the s e r i e s  in Eq.  (8). Gene ra l  condi t ions  f o r  c o n v e r -  
gence  of the t w o - d i m e n s i o n a l  p rob l e m  were  not  obta ined.  

The appl icabi l i ty  of the method  to p r o b l e m s  fo r  which conve rgence  has  not been es t ab l i shed  r e s t s  on the 
fol lowing f ac t s .  

1. " P r a c t i c a l  c o n v e r g e n c e "  of the ca l cu la t ed  s e r i e s .  

2. Validi ty of  the f inal  r e s u l t  fo r  a l l  p r o b l e m s  which could be ve r i f i ed  by o the r  methods .  

3. The  val id i ty  of the method  fo r  the o n e - d i m e n s i o n a l  c a s e ,  where  ~ ,  /3 . . . .  in Eq.  (8) a r e  analyt ic  
funct ions  fo r , a l l  x ,  t ,  and the de r iva t ives  d n ~ / d x  n do not i n c r e a s e  "too rap id ly"  as  n ~ oo [3]. 

Since the double s e r i e s  in Eq.  (8) have a t r i a n g u l a r  coef f ic ien t  m a t r i x ,  the d ivis ion of Eq.  (8) can  be 
p e r f o r m e d  m o r e  e c onom i c a l l y  by use  of  s ingle  s e r i e s  in f r a c t i o n a l - o r d e r  de r i va t i ve s .  To do this  we in t roduce  
the notat ion 

= L , ,  ~ bm,~ - -  M~.  (9) 
am~ ay~ Oy '~ 

The solut ion p r o c e s s  will  be d e s c r i b e d  in deta i l  below fo r  a c o n c r e t e  example .  

2. Nons t a t i ona ry  Heat  L ibe ra t ion  f r o m  a Sphere  Moving in a Viscous  Liquid.  In an infinite volume of  
v i scous  l iquid at t e m p e r a t u r e  T = 0 a sphe re  of rad ius  R m o v e s  in un i fo rm  r e c t i l i n e a r  mot ion  at  ve loc i ty  u.  
Beginning at t ime  t = 0 the s p h e r e  s u r f a c e  is hea ted  by a known law T = T s (~, t) .  In a s p h e r i c a l  coord ina te  
s y s t e m  a t t ached  to  the s p h e r e ,  heat  t r a n s f e r  into the liquid will  be d e s c r i b e d  by the equat ion 

0T 0p = 2 0 2p a] J 0p p= O~} = 

[. p2 p 4p @. ~-~- T = 0 ,  

T[o=, = T~(O, "v); TIo== = O; Ti,=o = O; 

p = r /R ,  T = a t /R  2, Pe = uR/a ,  0-0~ 

It  is  r e q u i r e d  that  the r ad i a l  t e m p e r a t u r e  g r ad i en t  at the sphe re  s u r f a c e  qs = (dT/dp)p =l be found. 

We wr i te  the o p e r a t o r  of Eq.  (10) in the  f o r m  of two c o f a c t o r s ,  each  of  which depends only on the  f i r s t  
de r iva t ive  with r e s p e c t  to p [1, 3]: 

1 - - m  1 - - m  

M" -Sg- o. 
= & 2 = , & 2 

We will  now define the o p e r a t o r s  Mm,  L n.  Mult iplying the e x p r e s s i o n s  in Eq.  (11) and cons ide r ing  that  (dU/  

d r  u) (dg/drg)  = d V + p / d r U + P ,  u + ~ _< 1, we c o m p a r e  the r e s u l t  with Eq.  (10). Equat ing funct ions of de r iva t ives  
of one and the  s a m e  o r d e r  in r ,  we obtain a s y s t e m  of r e c u r r e n t  r e la t ionsh ips  which define Mm,  Ln: 

0-~'/2 : M1 + LI ---- O; 

- - :  M ~ - - L ~ - -  ~ Pecos~ 1 - - - -  -}- ; 
8p p , 2p 
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a o 
a~ 
- -  : M2 + M~L~ + L 2 -  OL--A-~ = 

09 

0 

Op 

1 a ~ [ergo sin~ ( 
92 a~2 L p~ + p e  9 1 - - -  

0-1/2 
a'~- ~/~ : M~ - -  L 2 = O; 

~ . ~ ~ ~ ~ . ~ ~ . , �9 �9 �9 ~ �9 

o--n~2 n.~ 

p=o 09 

n + !  

a a 2 
.+------~ : Mn+~--L.+2--'--O, n ~  1; 

09 O~ 

}i] 49 --4 -~ ' 

(12) 

Per fo rming  the operat ions of Eq. (12), it  must  be r e m e m b e r e d  that the opera tors  obey rules  s temming f rom 
the p roper t i e s  of different iat ion 

O-~--L = L  ~ aL.  

In accordance  with the explanation of Section 1, we write the equation fo rmed  by the r ight-hand opera tor  
in Eq. (11) at  p = 1, which gives the des i red  solution: 

O'/~T~ ( c t g ~  a I 02 )O-'/2T~ 
~ q ~ =  ax I/---y--b T ~  - 0"~ + 2 O,~ 2 Ov -a/2 

[ _ ~  ( 3  P es in .  ctg'~) 0 1 0 ~ ] O-1T~ 
- -  Pe cos b -k- ~ -  2 O@ 2 O~ 2 a'~ -1 

-t- 15 P e c o s ~ +  - ~ P e s i n e - - ~  8 sin 3~ ~'~ 

+ ( c t g ' ~  5 )  O 2 ctg~ 0 ~ 1 Oa]O-3 /2T  s 
8 8 ,  O~ ~ 4 0"0 s 8 ao 4 a~ -3,'2 

--l-  3-~-3 Peeos '~§  [ 39 Pesin~ 3 Pe 3 etg~ 
L 16 \ 16 16 sin'~ 2 

2 sin 3 e ~ + - -  + \ 8 2 sin 2 ~ 2 Ob ~ 

+ Pe sin ~ -- ctg ~ O~ 3 2 O04 O~ - - - ~  § . . . .  (13) 

The express ion  is useful  fo r  p rac t i ca l  problems at r < 1. 

It can be shown that  at the points ~ = 0, ~ a solution does not exis t .  In fact ,  fo r  a function Ts($ , r) infi-  
nitely different iable  with respec t  to $, the s ingular  t e r m s  standing before  identical  der ivat ives  with respec t  
to r cancel  each o the r .  This may be ver i f ied  by applying any opera to r  L n to cos mJ .  F o r  the case  where Ts (r) 
is independent of J ,  f rom Eq. (12) we can obtain 

dl/2Ts 3 Pecos~ d-iTs q- 15 Pecos~ d-3/~-Ts 33 Pecos,~ d-2T~ 
- - q s =  d'c 1/2 q- T s - -  8 d.U 1 16 d~ -~:'" 16 d~ -s 

+(.39 PecosO+ 12827 Pe~cos~@ + 12881 Pe2sin2 @ )�9 d -5/2T,dT -5/2 § ... (14) 

We find the mean radial  gradient  by integrat ing Eq. (14) over  the sphere  surface:  

- dl/~T~ 63 pe 2 d-S;2T~ 
q~-- dx 1/2 ~- Ts-? 12-~-8- dx -5/2 + "'" 

NOTATION 

a, thermal diffusivity of liquid; amn, bran, functions of coordinates and time; R, .sphere radius; u, 
velocity of motion; T, temperature; To, temperature of end of lamina; Ts, temperature of sphere surface; 
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x, y ,  Car tes ian  coordinates;  r ,  ~, spher ica l  coordinates;  t ,  time; Mm, Ln. auxi l iary opera tors ;  d~/dt ", 
f ract ional  different iat ion opera tor ;  f ,  a r b i t r a r y  function of argument;  z, auxi l iary variable;  p, dimensionless 
radial  coordinate;  T, dimensionless  t ime;  qs,  dimensionless  radia l  t empera tu re  gradient  at sphere  sur face ,  
Pe ,  Pecle t  numbers ;  g, v, exponentiation and different iat ion indices;  m,  n, p, summing indices.  
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